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Let A be a commutative (nonassociative) algebra over a field k satisfying 
the condition (*): A has a basis xi,..., x,, n>2, such that x,x,= (n- 1) xi, 
1 <i<n, and xixj= -xi-xj for l<i<j<n. 
Let p = char(k) be the characteristic of k and Aut(A) be the (k-linear) 
automorphism group of A. In [Z], the author determined the structure of 
Aut(A) when p = 0 or p > N + 1, and in [l] Harry Allen determined Aut(A) 
for the remaining case. Combining [ 1 ] and [2], we have 
THEOREM A. Let A be a commutative algebra satisfying (*). Then 
Aut(A) g IL+, ifp=Oorpfn+ 1 
r k”-‘.GL(n-1,k) ifpIn+ 1, 
where C, + 1 is the symmetric group of degree n + 1 and k”- 1 . GL(n - 1, k) 
is a natural extension qf an n - 1 dimensional vector space k”-’ by 
GL(n - 1, k). 
In this note we present a very short alternate proof of Theorem A using 
minimal polynomials. For x, y E A, the mapping @, : x ---, xy determines the 
regular representation @ from A to End,(A): 
The minimal polynomial of x is, by definition, the minimal polynomial of 
@‘,. 
As in [2], put x0= -x1-x1.‘. - x,. Then we have xixi = (n - 1) xi, 
0 < i ,< n, and xixj = -xi - xj, 0 < i <j < n, and so C, + 1 acts transitively on 
(x1 IO < i < n}. The elements (xi ( 0 < i < n} are the canonical basis elements. 
We note that any n clcments of the canonical basis elements span A. 
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~RoPosrTroN 1. The minimalpolynomial ofxi (O< i<?z) is X2-(n-2)x 
- (n- 1). 
Proojc: It suffices to show the result for x0. For i#O, we have xOxi= 
-x0-xi and so 
XO(X~Xi) = - (n - 1) xg + x0 + xj. 
Since x0 = -xOxi - xi by the first equality, we get 
x~(xox,)-(n-2)x,xi-(n- l)xf=o. 
Since i was arbitrary, 
[ (@,,)’ - (n - 2) Qxo - (n - 1 )] x = 0 
for ail x E A. Since the minimal polynomial of x0 is not linear, X2 - (n-2)X 
- (n - 1) is the minimal polynomial of all x,‘s. 
DEFINITION. Let x = C;= 1 six, and Y=C:=~ bixi. Define a(x)= 
x7= I aj, and x * y = x7= 1 a,b,x,. 
The next lemma (and the definition above) is due to Allen [IJ and is 
useful. 
LEMMA 2. Let x=C;=, aixi and y= C;=, hix, be elements of A. Then 
xy=(n+l)x*y-o(y)x-a(x)y. 
xy = i a,bixixi+ C aib,xix, 
i=I i#j 
=(n-l)x*y+ C a,bi(-xi--xi) 
if] 
=(n+l)x*y-Cr(y)x-Q(x)y~ 
PROPOSITION 3. Let x be a nonzero element of A with a rn~~~rn~~ 
polynomial dividing X2 - (n - 2) X- (n - 1). Then the following holds. 
(1) Ifn>3 andpj’(n+ l)(n-2), then xE jx,jO<i<n). 
(2) Zfn>3,pj’n+l, andpin-2, thenxE(fxijO<i<n). 
(3) Ifp\n+ 1, then 34x)=3 and CJ(X)~= 1. 
Proof. Put x = C;= 1 ajxj. By assumption x(xxk) = (n - 2) xxk + 
(n - 1)x,. By Lemma2, xx,=(n+l)a,xk-o(x)xk-x=((n+l)ak- 
G(X)) xk - X, and SO 
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x(xxk)=((n+l)ak-c(x))[((nfl)ak--a(x))x,-x] 
-(?Z+l) f UfXi+2CT(X)X 
i= 1 
= ((n + f) uk-a(x))* xk- ((n + 1) ak-h(x)) x 
-(M+ 1) f afxi. 
i=l 
(1) 
On the other hand, 
(n-2)xx,+(n-1)x, 
(2) 
Pick j # k and compare the coefficients of xi in (1) and (2) to obtain 
-[(n+l)ak-h(x)]aj-(n+l)aj= -(n-2)aj. 
Since II + 1 # 0, we obtain 
aj=O or 
k(x)-(nt l)a,+(n-2) 
aj = 
nfl 
Choose j with aj # 0. Since k is arbitrary with 16 k #j < n, we conclude 
that ah ak’s are the same for 1 <k #j 6 n. 
Let a be the equal value. Suppose a = 0. Then aj = (3aj + (n - 2))/(n + 1) 
and so aj= 1, if p /‘n - 2. Hence x = xi. Suppose a # 0. Then interchange 
the role of j and k. Since 12 3 3, we conclude that uj= a. Thus 
a=(3na-(n+l)a+(n-2))/(n+l) and so a= -1 ifpIn-2, and hence 
x=x(). 
Suppose p j n - 2 then the argument above yields that x = cxi where c E k 
and Odidn. Since A?--(n-2)X-(n-1)=X2--~-l), we easily con- 
clude that c2 = 1. 
Suppose p) y2 + 1. Then (2) implies that 30(x) aj= 3aj. Since x #O, we 
have 30(x) = 3. From (1) we obtain 
a(x)’ + 3c~(x) ak = 30(x) + 3a, - 2. 
Since 34x) = 3, we get G(X)’ = 1. This completes the proof. 
Remark. The condition p /‘n + 1 is obviously needed. n > 3 is also 
necessary, since if n = 2, then any element x= alxl + azxz with Q: - 
a, a2 + u< = 1 satisfies the polynomial X2 - (n - 2) X- (n - 1) =X2 - 1 and 
in particular x = -x1 has a minimal polynomial X2 - 1. 
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TKEQREM 4. Suppose p[n + 1. Then Aut(A) z Cn+ 1. 
Prooj Suppose n > 3. Then by Proposition 3 any nonzero element x of 
A with a minimal polynomial X2 - (n- 2) X- (n - 1) and wit 
property x2 = (n - 1) x is one of the canonical basis elements 
(x,/Odidn). Hence Aut (A) z Cn+l in this case. 
Next suppose 12 = 2. Then p # 3. Let x = a, x1 + +x2 be an idempotent. 
Thena:-2a,a,=a,anda:-2a,a,=a,.Weeasilyobtain(a,,a,)=(1,0), 
(Q, l), or (-1, -1). Thus XE {x0, x1, x2). This proves AM(A) z x3. 
We next treat the case p/n + 1. Our argument is essentially due to 
Allen [ ‘1 j. The structure of A in this case is: 
x;xi = -2xi, Q<i<n 
x;xj= -xi-x,, O<i<j<n. 
In general, we have, by Lemma 1, 
xy = -cT( y) x - o(x) y. 
PROPOSITION 5. Assume p [ n + 1. Let g E But(A). Then o(xf) = 1 for all 
0 G i < II. Conversely, if { y1 ,..., y,] is any set of n linearly independent 
elements with o( yi) = 1 for 1 < i < n, then there exists g E Aut(A) such that 
Proof First pick gEAut(A). Then, since xigxf:= -2x!, we have 
- 24x?) = -2. Hence by (3) of Proposition 3, 0(x8) = 1 for 0 < i < n. Next 
suppose { y, ,..., y,> is a set of n linearly independent elements with 
a(yi)=l for l~idn. Define gEGL(A) by xf=yi for 16i6n. Since 
yiy,= -2a(yi)yi= -2~~ and yiyj= --r~(y~)y~-o(p~~)y,= -yi-y, for 
1 <i<jdn, we have gEAut(A). 
THEOREM 6. Suppose p I n + 1. Then Aut(A ) is a natural semi-direct 
product of k”-’ and GL(n - 1, k). 
ProoJ: Let B=ja~Alo(a)=Oj. B is spanned by x2-x,, 
x3-x1,..., x,--x1 and a((~,-~,)~)=0 for 2<i<n and gEAue(A). 
Let K= (gEAut(A)J g/,= 1). Pick gEK and put 6=x?-x,. T 
b E B and xp = xi + b for all 1 < i < n. Conversely, Proposition 5 implies that 
for any b E B, there exists gE Aut(A) such that xf= xi-+ b for I <i< M. 
Clearly such g is contained in K. Hence K zz B r k”- ‘. 
Aut(A)/K acts faithfully on B. Let (b2,..., b,j be an arbitrary set of n - ? 
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linearly independent elements of B. Since {xi, &,..., b,) is linearly indepen- 
dent, Proposition 5 implies that there exists gEAut(A) such that 
Xf=X* 
xf’=xl+bi, 2<i<n. 
In particular (xi- x~)~ = bi, 2 < i < n. Clearly all such g’s for all choices of 
Ib 2,..., b, > form a subgroup H isomorphic to GL(n - 1, k). Since Hn K= 1 
and Aut(A)/K acts faithfully on B z k”-*, we conclude Aut(A) = K. H. 
Finally, we determine the action of H on K. Choose k E K and h E H. 
Then 
xf=xi+b, bEB,l<i<n 
and 
We compute 
X:=X*, xf=xl+bi, biEB, 2<i<n. 
h-‘kh 
Xl =xth=(xl+b)h=xl+bh 
x;-lhk = (x1 + b;-“)kh = (x1 + b +l~;-‘)~ 
=xl+bh+bf-‘=xi+bh, if 1. 
Hence H acts naturally on K z B. This completes the proof. 
Remark. Proposition 3 implies that for a generic case n > 3, 
p J (n + l)(n - 2), the minimal polynomial X2 - (n - 2) X- (n - 1) charac- 
terizes the set of canonical basis elements (xi) 0 d i 6 n}. On the other hand 
if p 11~ + 1, the minimal polynomial X2 - (n - 1) X- (n - 1) or the property 
x2 = (n - 1) x does not characterize the set (xi/ 0 < i < n}. In fact in this 
case Aut(A) acts transitively on all elements x such that a(x) = 1. 
It can be conjectured that for any algebra A obtained by a transitive per- 
mutation group G, the minimal polynomial d(x) satisfied by the set 
{xi / 0 ,< i ,( n > characterizes (xi IO ,( i d n > except for “degenerate” cases. 
Narang is working on this question for G = PSL(m, q), m 3 3. 
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